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SPLICE DIAGRAM DETERMINING SINGULARITY LINKS AND
UNIVERSAL ABELIAN COVERS
HELGE MØLLER PEDERSEN
Abstrat. To a rational homology sphere graph manifold one an assoiate
a weighted tree invariant alled splie diagram. In this artile we prove a
suient numerial ondition on the splie diagram for a graph manifold to
be a singularity link. We also show that if two manifolds have the same splie
diagram, then their universal abelian overs are homeomorphi. To prove the
last theorem we have to generalize our notions to orbifolds.
1. Introdution
For prime 3-manifolds M one has several deomposition theorems, like the geo-
metri deomposition whih uts M along embedded tori and Klein bottles into
geometri piees, or the JSJ deomposition whih ut M along embedded tori into
simple and Seifert bered piees. A graph manifold is a manifold that does not
have any hyperboli piees in its geometri deomposition, or equivalently only has
Seifert bered piees in its JSJ deomposition. To a graph manifold one an asso-
iate several graph invariants, and in this paper we are going to show properties of
one of these alled the splie diagram.
Splie diagrams were original introdued in [EN85℄ and [Sie80℄ only for manifolds
that are integer homology spheres. Splie diagrams were then generalized to rational
homology spheres in [NW02℄ and used extensively in [NW05b℄ and [NW05a℄. Our
splie diagrams diers from the ones in [EN85℄ in that we do not allow negative
weights on edges, and from the ones in [NW05b℄, [NW05a℄ and [NW02℄ in that
we have deorations on the nodes, but it is shown in [NW05a℄ that in the ase of
singularity links their splie diagrams are the same as ours.
Now it has long been known that the link of a isolated omplex surfae singularity
is a graph manifold who has a plumbing diagram with only orientable base surfaes
and negative denite intersetion form. Grauert showed that the inverse is also true.
It is shown in appendix 2 of [NW05a℄ that a rational homology sphere singularity
link has a splie diagram without any negative deorations at nodes and has all
edge determinants positive. We here prove the other diretion to get the following
theorem.
Theorem 1. Let M be a rational homology sphere graph manifold with splie dia-
gram Γ. Then M is a singularity link if and only if Γ has no negative deorations
at nodes and all edge determinants are positive.
Another interesting thing in the study of 3 manifolds is knowledge of the abelian
overs of the manifold. Sine our manifolds are rational homology spheres their
universal abelian overs are nite overs, and we show that the splie diagram of a
manifold determines its universal abelian over, more preisely we prove.
Theorem 2. Let M and M ′ be rational homology sphere graph manifolds with the
same splie diagram Γ. Then M and M ′ have isomorphi universal abelian overs.
1991 Mathematis Subjet Classiation. 32S28, 32S50, 57M10, 57M27.
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In 2 we dene our splie diagrams and prove several fats we need about them,
among other how one gets a splie diagram from a plumbing diagram of the man-
ifold. In 3 we show some important lemmas for our proofs, and that the splie
diagram together with the order of the rst homology group determines the deom-
position graph of [Neu97℄. In 4 we then prove the rst theorem above. In 5 we
dene graph orbifolds and show some of their properties, sine we need them in the
proof of the seond theorem whih we prove in 6.
The author wish to thank Walter Neumann for advie with the artile.
2. Preliminaries on Splie Diagrams
A splie diagram is a tree whih has verties of valene one, whih we all leaves,
and verties of valene greater than or equal to 3, whih are alled nodes. The end
of an edge adjaent to a node of the splie diagram is deorated with a non negative
integer, and eah node is deorated with either a plus or a minus sign; in general
one only writes the minus signs. Here is an example:
◦ ◦
⊕
3
SSSSSSS
5
ll
ll
ll
l
22 10
⊖
7
jjjjjjj
2 6SSS
SS
SS ◦
◦ ⊕
3
lllllll
2 SSS
SS
SS
◦ ,
Given a rational homology sphere graph manifold M , one makes the splie dia-
gram Γ(M) by taking a node for eah Seifert bered piee. Then one attahes an
edge between two nodes if they are glued along a torus, and one adds leaves (vertex
attahed to a node along a edge) to eah node, one for eah singular ber of the
Seifert bered piee orresponding to the node.
The deoration dve on edge e at node v one gets by utting the manifold along
the torus orresponding to e, gluing a solid torus in the piee not ontaining the
Seifert bered piee orresponding to v, by identifying a meridian of the solid torus
with the ber of in the Seifert bered piee and a longitude with a simple losed
urve, whih is given by the JSJ deomposition. Then the dve is the order of the
rst homology of this new manifold. We assign 0 if the homology is innite.
For the deorations on nodes, we need the following denition.
Denition 2.1. Let L0, L1 ⊂M be two knots in a rational homology sphere. Let
C1 ⊂ M be a submanifold, suh that ∂C1 = d1L1, for some integer d1. Then the
linking number of L0 with L1 is dened to be lk(L0, L1) =
1
d0
L0 • C1. Where •
denotes the intersetion produt in M .
To see that lk(L0, L1) is well dened, we need to show that if C
′
1 ⊂ M is a
submanifold suh that ∂C′1 = d
′
1L1 then
1
d0
L0 • C1 =
1
d′0
L0 • C
′
1, a C1 always
exist sine M is a rational homology sphere. Sine ∂C′1 = d
′
1L1 we have that
∂(d1C
′
1) = d1d
′
1L1, in the same way we have that ∂(d
′
1C1) = d1d
′
1L1. We an
thus form a losed submanifold N = d1C
′
1
⋃
d1d′1L0
−d′1C1. Sine M is a rational
homology sphere then the homology lass of N is 0, so L0 • N = 0. But then
0 = L0 • N = L0 • (d1C
′
1
⋃
d1d′1L0
−d′1C1) = L0 • d1C
′
1 − L0 • d
′
1C1. Sine the
intersetion produt is bilinear we get the result by dividing by d1d
′
1.
To show that lk(L0, L1) = lk(L1, L0), we will dene another notion of linking
number to show that this is symmetri and equal to our rst denition.
Denition 2.2. Let L0, L1 ⊂M be knots in a rational homology sphere, let X be
a ompat 4-manifold suh that M = ∂X . Let A0, A1 ⊂ X be submanifolds suh
that ∂Ai = diLi for some integers d0, d1, and suh that A1 has zero intersetion
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with any 2-yle in X . Then let l˜k(L0, L1) =
1
d0d1
A0 · A1, where · denotes the
intersetion produt in X .
Ai exists sine M is a rational homology sphere, and we an the hoose Ai ⊂
M . That A0 an be hosen so that it does not interset any losed yles of
X follows beause a ollar neighbourhood of M has zero seond homology, sine
H2((0, 1] ×M) ∼= H2(M) = {0}, and hene we an just hoose A0 ⊂ (0, 1] ×M .
To show l˜k(L0, L1) is well dened we start by showing that if A
′
1 ⊂ X is suh that
∂A′1 = d
′
1L1 then
1
d0d1
A0 ·A1 =
1
d0d′1
A0 ·A
′
1. We form N = (d
′
1A1
⋃
d1d′1L1
−d1A
′
1),
then A0 · N = 0 sine N is a losed 2-yle, and it follows that
1
d0d1
A0 · A1 =
1
d0d′1
A0 · A
′
1 as above. Now assume A
′
0 ⊂ X is suh that ∂A
′
0 = d
′
0L0 and A
′
0 has
zero intersetion with all 2-yles in X . To show that 1d0d1A0 · A1 =
1
d′0d1
A′0 · A1
we an hoose a A1 ⊂ X suh that A1 has zero intersetion with any 2-yles,
sine hanging A1 does not hange l˜k(L0, L1) as just shown. Then form N
′ =
(d′0A0
⋃
d0d′0L0
−d0A
′
0). Now N is a 2-yle and by our hoie of A1, N · A1 = 0 it
follows that
1
d0d1
A0 · A1 =
1
d′0d1
A′0 ·A1 and therefor that l˜k(L0, L1) is well dened.
That l˜k(L0, L1) is symmetri is lear sine the intersetion produt of 2 dimen-
sional submanifolds of a 4 dimensional manifold is symmetri, and that it is the
rst of the two that has zero intersetion with the 2-yles does not matter sine
we ould have hosen both A0 and A1 to have zero intersetion with any 2-yles,
making the denition symmetri.
Proposition 2.3. lk(L0, L1) = l˜k(L0, L1)
Proof. We hoose A0 suh that in the ollar neighborhood (0, 1]×M we have that
A0 ∩ (0, 1] ×M = (0, 1] × d0L0, and we hoose A1 suh that A1 ⊂ M . Then we
get that l˜k(L0, L1) =
1
d0d1
(0, 1]× d0L0 ·A1 =
1
d0d1
{1} × d0L0 ·A1 =
d0
d0d1
L0 •A1 =
lk(L0, L1) 
Hene lk(L0, L1) is symmetri.
To nish the deoration of the splie diagram we add at a node v a sign εv
orresponding to the sign of the linking number of two non singular bers in the
Seifert bration. So by this we an get that the splie diagram for the Poinare
homology sphere is the following
◦ ◦
⊕
2
SSSSSSS
3
5
kkkkkkk
◦ ,
An edge between two nodes look like
.
.
.
v0
◦
n01
MMMMMMMM
n0k0rr
rr
rr
rr
r0 r1
v1
◦
n11
qqqqqqqq
n1k1 L
LL
LL
LL
L
.
.
.
,
and to suh edges we assign a number alled the edge determinant.
Denition 2.4. The edge determinant D assoiated to a edge between nodes v0
and v1 is dened by the following equation.
D = r0r1 − ε0ε1N0N1.(1)
where Ni is the produt of all the edge weights adjaent to vi, exept the one on the
edge between v0 and v1, ri is the edge weight adjaent to vi on the edge between
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v0 and v1, and εi is the sign on the node vi, if we interpret a plus sign as 1 and a
minus sign as −1.
One way of getting a splie diagram for a manifold is from a plumbing diagram
for the manifold. SupposeM has a plumbing diagram ∆(M) whih we assume is in
normal form, whih means that all base surfaes are orientable and the deorations
on strings are less that or equal to −2. This is not quite the same normal form as in
[Neu81℄ but using the plumbing alulus of that artile we an get from Neumann's
normal form to the one we use see [Neu89b℄.
We then get a splie diagram Γ(M) by taking one node for eah node in ∆(D),
i.e. a vertex with more than 3 edges or genus 6= 0. Sine we are only working with
rational homology spheres, every vertex of the plumbing diagram has genus = 0.
Connet two nodes in Γ(D) if there is a string between the orresponding nodes in
∆(M), and add a leaf at a node in Γ(M) for eah string starting at that node in
∆(M) and not ending at any node.
If ∆(M) is a plumbing of a manifold we denote the intersetion matrix by
A(∆(M)) and let det(∆(M)) = det(−A(∆(M))).
Lemma 2.5. Let v be a node in Γ(M), and e be a edge on that node. We get the
weight dve on that edge by dve = |det(∆(Mve))|, where Mve is the manifold whih
has plumbing diagram orresponding to the piee not ontaining v if one uts ∆(M)
just after v on the string orresponding to e.
Proof. This follows sine the absolute value of the determinant of the intersetion
matrix of a rational homology sphere graph manifold is the order of the rst ho-
mology group. And that the manifold Mve is the manifold orresponding to the
manifold one gets by gluing in a solid torus to the boundary of the piee not on-
taining v after utting along the edge orresponding to e, by the gluing desribed
above. 
Lemma 2.6. Let v be a node in Γ(M). Then the sign ε at v , is ε = − sign(avv),
where avv is the entry of A(∆(M))
−1
orresponding to the node v.
Proof. To prove this we alulate l˜k(Lv, Lw) where Lv is a nonsingular ber at
the v'th node and Lw is a non singular ber at the w'th node. Let X be the
plumbed 4-manifold given by ∆(M). Then eah vertex of ∆(M) orresponds to
a irle bundle over a 2-manifold in the plumbing so the i'th node gives us a 2-
yle Ei in X , and the olletion of all the Ei's generate H2(X). The intersetion
matrix A(∆(M)) is the matrix representation for the intersetion form on H2(X)
in this generating set. So to onstrut a A0 suh that it has zero intersetion
with all 2-yles, we just need that A0 · Ei = 0 for all i. Let Dv and Dw be
transverse disk to Ev and Ew with boundaries Lv and Lw, if v = w hoose them
disjoint. Set A0 = det(∆(M))Dv −
∑
i det(∆(M))(avi)Ei, where aij is the ij'th
entry of A(∆(M))−1, and hoose A1 = Dw. Then A0 · Ei = 0 for all i and
l˜k(Lv, Lw) =
1
det(∆(M))A0 · Dw = −
1
det(∆(M)) det(∆(M))(avw)Ew · Dw = −avw,
sine Ei ·Dw = 0 if i 6= w and Ew ·Dw = 1. 
The proof here is the same as given for proposition 9.1 in [NW08℄.
This way of obtaining a splie diagram shows that no edge weight on a edge
to a leaf is 0, sine we assumed that our plumbing diagram is in normal form,
espeially that all weights on strings are ≤ −2, so a weight on an edge to a leaf is
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the determinant of a matrix on the form

b11 −1 0 . . . 0
−1 b22 −1 . . . 0
0 −1 b33 . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 . . . bnn


where bii ≤ 2, and determinants of suh matries are never 0.
To prove the theorem we have to introdue another diagram, whih we will all
the unnormalized splie diagram Γ˜(M).
Denition 2.7. The unnormalized splie diagram Γ˜(M) is a tree, with the same
graph struture as the splie diagram γ(N), but it has no signs at nodes, and the
weights at edges are dened to be d˜ve = det(∆(Mve)).
It is lear that one onstruts the unnormalized splie diagram from the plumbing
diagram in the same way as the splie diagram, exept that for the weight d˜ev on a
edge e at the node v one does not take the absolute value of the det(∆(Mve)), but
just sets d˜ve = det(∆(Mve)), and one does not put any signs at the nodes.
Lemma 2.8. Let Γ˜(M) be an unnormalized splie diagram of the rational homology
sphere graph manifold M . Then Γ˜(M) has the same form as Γ(M) as a graph, and
for a node v we get dve = |d˜ve| and εv = sign(∆(M))
∏
e sign(d˜ve), where the
produt is taken over all edges at v.
Proof. That the graph has the same form and dve = |d˜ve| is lear from the on-
strutions. The last follows from the proof of theorem 12.2 in [NW05a℄. In their
theorem they assume negative denite intersetion form, but if one looks at the
proof one sees that for the part we need it is not neessary to assume negative
deniteness. 
If we have a edge between two nodes in a unnormalized splie diagram that look
likes this
.
.
.
v0
◦
n˜01
MMMMMMMM
n˜0k0rr
rr
rr
rr
r˜0 r˜1
v1
◦
n˜11 qqqqqqqq
n˜1k1 L
LL
LL
LL
L
.
.
.
,
Then we the dene the unnormalized edge determinant D˜ assoiated to a edge to
be
D˜ = r˜0r˜1 − N˜0N˜1(2)
where N˜i =
∏ki
j+= n˜ij . Then it's lear that D = sign(r˜0) sign(r˜1)D˜.
We are also going to need what is alled a maximal splie diagram, it is a tree
with integer weights on edges leaving verties.
Denition 2.9. The maximal splie diagram of a manifold M with plumbing
diagram ∆(M) has the underlying graph the graph of the plumbing diagram. On
edges one adds deorations as in the onstrution of a unnormalized splie diagram
from the plumbing diagram δ(M).
To get a unnormalized splie diagram from a maximal splie diagram, one just
removes the verties of valene two and removes the deoration on edges next to
verties of valene one.
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An edge in our splie diagram between nodes v0 and v1 orresponds to a torus
T 2 whih the piees orresponding to the nodes are glued along. In that torus we
get several natural knots from the Seifert bered struture on eah side, namely a
ber Fi and a setion Si from the bration of the piee orresponding to Mi. We
are going to be interested in the ber intersetion of F0 with F1 in the torus T
2
. We
make the following onvention, if we write F0 ·F1 we mean the intersetion produt
in T 2, where T 2 is oriented as the boundary of M0 and when we write F1 · F0 we
mean the intersetion produt in T 2 oriented as the boundary of M1. In this way
F0 · F1 = F1 · F0, sine we hange the orientation on T
2
when we interhange F0
and F1.
Beause M is a rational homology sphere, the diagram is a tree. It is then
possible to orient the Fi's and Si's suh that the intersetion number of the bers
Fi and Fj from the Seifert bered piees on eah side of a separating torus is always
positive, and so that Fi ·Si = 1. It should be mentioned that Si is only well dened
up to adding a multiply of Fi, for the ase of orienting the Fi's and the Si's, it does
not mater.
One does this be hoosing a Seifert bered piee orresponding to a leaf and
hoose a orientation on the piee. This then gives an orientation on the ber in
the boundary of that piee and we the hoose the right orientation of the setion.
Choose a orientation on the piee glued along the torus, suh that the ber inter-
setion number is positive, and hoose the right orientation on the setion. Then
ontinue to do the same in the other boundary piees of this seond Seifert bered
piee. We an then get all the bers and setions oriented this way, sine Γ(M) is
a tree.
We will always assume our bers and setions are oriented this way.
3. Determine the deomposition graph from a splie diagram
Given a graph 3 manifold M there is another graph invariant one an assoiate
to the JSJ deomposition of M alled the deomposition graph. We will in this
setion show that given the splie diagram of a manifold and the order of its rst
homology group, one an onstrut the deomposition graph of that manifold.
The deomposition graph has one node for eah Seifert bered piee of M , and
a edge between nodes if they are glued by a torus. At node v one puts 2 weights,
the rst is the rational euler number ev and the other number is the orbifold euler
harateristi of the base χorbv . If the Seifert bered piee orresponding to the
node v has Seifert invariant M(g; (α1, β1), . . . , (αk, βk)) then
ev = −
k∑
i=1
βi
αi
(3)
and
χorbv = χv −
k∑
i=1
(1 −
1
αi
)(4)
where χv is the euler harateristi of the base surfae. This formula is in fat
only true for losed Seifert bered spaes, if the spae has boundary, one needs
additional information. The additional information is a simple losed urve in eah
of the boundary omponents, whih we get from the JSJ deomposition, by at eah
piee of the boundary take a the urve orresponding to a ber from the other side.
Then one loses the manifold by gluing in solid tori in the boundary piees, by
gluing a meridian to the losed urve. Finally take e(v) to be the rational euler
number of this losed manifold.
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One weights an edge e of the deomposition graph by the the intersetion number
in T of a nonsingular bers of the Seifert brations on eah side of the torus T
orresponding to e.
One gets the graph struture of the deomposition graph of M from the splie
diagram Γ(M) of M by removing all leaves, i.e. by removing all verties of valene
one and the edges leading to them. It is lear that sine nodes in the Γ(M) orre-
sponds to Seifert bered piees in the JSJ-deomposition ofM , and a edge between
two nodes means there are glued along a torus, that the result has the shape of the
deomposition graph.
We start by given a formula for the orbifold euler harateristi
Proposition 3.1. Let v be a node in the splie diagram Γ(M) of the manifold M .
Then
χorbv = 2− n(v) +
∑
e
1
dve
(5)
where n(v) is the valene of v and the sum is taken over all edges leading to leaves.
Proof. Sine eah leaf of the node v orresponding to the Seifert bered piee orre-
sponds to a singular ber, and a singular ber orresponds to a leaf at v, so taking
the sum in (4) over singular bers is the same as taking the sum over edges at
v leading to leaves. The negative intersetion matrix −A(∆(Mve)) has numbers
bi ≥ 2 on the diagonal and −1 adjaent to diagonal entries and 0 elsewhere sine
e leads to a leaf. We an then diagonalize −A(∆(Mve)) only by adding rows and
olumns in the following way. If the matrix is n by n we lear the 1 at the (n, n−1)
entry by adding − 1ann times the n'th row to the n− 1'st row. Then we lear the 1
at (n−1, n) by adding − 1ann times the n'th olumn to the n−1'st olumn. We now
have that in the n'th row and n'th olumn, only the diagonal entry is now zero.
We then proeed to lear the (n− 1, n− 2 and (n− 2, n− 1) entries the same way.
This then ontinues until the matrix is diagonal.
If we do this we get that the ii'th entry of −A(∆(Mve)) is [bi, bi−1, . . . , b1] whih
is the ontinued fration
[bi, bi−1, . . . , b1] = bi −
1
bi−1 −
1
bi−2 − . . .
.(6)
Then dve = |det(∆(Mve))| = |[bn, bn−1 . . . , b1][bn−1, bn−2, . . . , b1] · · · [b1]|. The on-
tinued fration [b1] = b1 and the denominator of [bi, , bi−1, . . . , b1] is the numer-
ator of [bi−1, , bi−2, . . . , b1]. This implies that dve is equal to the numerator of
|[bn, , bn−1, . . . , b1]|. It follows from orollary 5.7 in [Neu81℄ that the numerator of
[bn, bn−1, . . . , b1] is equal to α, where α is the rst part of the Seifert invariant of
the singular ber orresponding to the leaf at e. So dve = α sine α > 0. We now
have that
χorbv = χv −
∑
e
(1−
1
dve
) = χv − l(v) +
∑
e
1
dve
.(7)
where l(v) is the number of singular bers, whih is the same as the number of
leaves at v. The base surfae is a sphere sine M is a rational homology sphere, so
χv = 2− r(v) where r(v) is the number of boundary omponents whih is the same
as the the number of edges leading to other nodes. The formula the follows sine
l(v) + r(v) = n(v). 
We next proves a lemma relating the ber intersetion number to the edge de-
terminant.
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Lemma 3.2 (Unnormalized edge determinant equation). Assume that we have an
edge in our splie diagram between two nodes. Let T be the torus orresponding to
the edge and p the intersetion number in T of Seifert bers from eah of the sides
of T . Let d = det(∆(M)), then
p =
D˜
d
(8)
Proof. Let the numbers on the edge be as in
.
.
.
v0
◦
n01
MMMMMMMM
n0k0rr
rr
rr
rr
r0 r1
v1
◦
n11 qqqqqqqq
n1k1 L
LL
LL
LL
L
.
.
.
,
And let Ni =
∏ki
j=1 nij for i ∈ {0, 1}.
We start by proving the formula under the additional assumption that there is
no edge of weight 0 adjaent to the nodes, exept possibly r0 and r1.
Let Hi be a ber at the i'th node. Let L
′
i ⊂ T
2
be a simple urve whih generates
ker(H1(T
2,Q) →֒ H1(Mi,Q)) where Mi is the piee of M gotten by utting along
the torus orresponding to the edge, inluding the piee orresponding to the node
vi. SineM is a rational homology sphere the Meyer Vietoris sequene gives us that
H1(T
2,Q) ∼= H1(M0,Q)
⊕
H1(M1,Q). H1(Mi,Q) ∼= H1(T
2,Q)/Li by the long
exat sequene and H1(Mi/T
2) = H1(M/Mi+1) is a nite group. This implies that
L0 and L1 are linearly independent, so L0 ·L1 6= 0, where · denotes the intersetion
produt in T 2.
We have the following relation
aiHi = bi0L0 + bi1L1(9)
for some ai, bi0, bi1 ∈ Z, sine L0, L1 are linearly independent in H
1(T 2,Q) = Q2
and hene a basis. We also note that Li · Li = 0.
We now want to ompute the linking numbers lk(Hi, Hj) for i, j ∈ {0, 1}. Let
Ci ⊂ Mi be suh that ∂Ci = Li. This implies that aiHi = bi0∂C0 + bi1∂C1. Then
one an ompute lk(Hi, Hj) as lk(Hi,
1
aj
(bj0∂C0 + bj1∂C1), but this is the same as
to ompute Hi • (
1
aj
(bj0C0 + bj1C1), where • denotes the intersetion number in
M . Now C0 lives in the M0 piee and C1 in the M1 piee, so when one omputes
H0 • (
1
aj
(bj0C0 + bj1
1
c1
C1), it is only the C0 parts that matters, sine H0 is in the
M0 piee, and therefore does not interset things in the M1 piee. This means we
an ompute lk(H0, Hj) as H0 • (
1
aj
bj0C0).
T 2 has a ollar neighborhood in M0, so when we want to ompute lk(H0, H0)
we an assume that the push-o of one of the opies of H0 in T
2
lives in this ollar
neighborhood. I.e. if the ollar neighborhood is (0, 1] × T 2, then the push o is
s×H0 for some s ∈ (0, 1]. Over the ollar neighborhood C0 is just (0, 1]× L0, so
H0 • (
1
a0
b00C0) = (s×H0) • (
1
a0
b00((0, 1]× c0L0))
= H0 · (
1
a0
b00L0)
=
1
a0
(b00L0 + b01L1) · (
1
a0
b00L0)
=
1
a20
b01b00(L1 · L0).
So we get that lk(H0, H0) =
1
a20
b01b00(L1 · L0). By a similar alulation one gets
that lk(H0, H1) =
1
a0a1
b01b10(L1 · L0) and lk(H1, H1) =
1
a21
b10b00(L1 · L0).
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Another way to alulate the linking number of two bers is that it's given by
the inverse intersetion matrix. More preisely, the linking number of a ber at
the i'th piee in a plumbing diagram ∆(M) of M with a ber at the j'th piee is
given by the negative of the (i, j)'th entry of A(∆(M))−1, where A(∆(M)) is the
intersetion matrix of the plumbing ∆(M), as we showed in the proof of Lemma
2.6. By theorem 12.2 in [NW05a℄ it is equal to
lij
det(∆(M)) , where lij is the produt
of the weights adjaent to but not on the path from the i'th node to the j'th
node in the splie diagram and n is the number of verties in ∆(M). In their
theorem they are alulating lij in a maximal splie diagram, but it is lear that if
one has alulated the maximal splie diagram from the plumbing diagram ∆(M),
one gets our unnormalized splie diagram from the maximal one, by removing any
verties with only 2 edges and not hanging any weights. So if i and j represents
Seifert bered piees, then one gets the same number lij by alulating it in our
unnormalized splie diagram, sine no verties with only 2 edges an ontribute to
lij .
Returning to our situation, we then get the the following equations for the linking
numbers using the notation from above. lk(H0, H0) =
N0r0
d , lk(H1, H1) =
N1r1
d
and lk(H0, H1) =
N0N1
d . Combining this with our other equations for the linking
numbers we get.
N0r0
d
=
1
a20
b01b00(L1 · L0)(10)
N1r1
d
=
1
a21
b10b11(L1 · L0)(11)
N0N1
d
=
1
a0a1
b01b10(L1 · L0)(12)
It follows from (12) that the bij 6= 0, sine Ni 6= 0 by our assumptions. So we
an divide the produt of (10) and (11) by (12), this gives us.
r0r1
d
=
1
a0a1
b00b11(L1 · L0)(13)
Let us now ompute p, whih is equal to H0 ·H1 by denition,
H0 ·H1 =
1
a0
(b00L0 + b01L1) ·
1
a1
(b10L0 + b11L1)
=
1
a0a1
(b01b10L1L0 + b00b11L0L1)
=
r0r1 −N0N1
d
=
D˜
d
Here we use (12), (13) and the denition of D˜.
We have now proved the the equality
dp = r0r1 −
k0∏
i=1
n0i
k1∏
j=1
n1j(14)
whenever nij 6= 0. Now this is a equation onerning minors of the negative in-
tersetion matrix −A(∆(M)) of M . We want to see what happens if we vary the
diagonal entries of −A(∆(M)). We are espeially interested in what happens when
we hange the entries of the diagonal orresponding to hanging one of the nij 's.
Let a be a entry on the diagonal of −A(∆(M)) whih lies in the minor n0l. Repla-
ing a with any integer b, we get a new matrix −A(∆(Mb)), whih is the intersetion
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matrix of the graph manifold Mb one gets from a plumbing diagram orresponding
to one for M with the weight orresponding to a replaed with b. For all values
of of b, exept maybe one, Mb is a rational homology sphere, sine by omputing
d = det(∆(Mb)) by expanding by the row whih inlude b, one gets d = bA + B
whih has at most one solution for d = 0, beause aA+B 6= 0.
Mb has splie diagram with the same form as the one forM , in partiular around
the node we are working with it look like
.
.
.
v0
◦
nb01
MMMMMMMM
nb0k0r
rr
rr
rr
r
rb0 r
b
1
v1
◦
nb11
qqqqqqqq
nb1k1
LL
LL
LL
LL
.
.
.
,
The only weights of the splie diagram of Mb whih are dierent of the weights
from the splie diagram of M , are n0l and r1 sine none of the others see the
the entry of −∆Mb whih we have hanged. Again n
b
0l = bA01 + B01 and n01 =
aA01 +B01, so n
b
0l = 0 for at most one value of b. So for all but maybe two values
of b, we have the following equation
dbp = r0r
b
1 − n
b
0l
k0∏
i=1
i6=l
n0i
k1∏
j=1
n1j .(15)
Let N˜l =
∏k0
i=1
i6=l
n0i
∏k1
j=1 n1j . We get that r
b
1 = bA1 + B1 and the above equation
beomes
(bA+B)p = r0(bA1 +B1)− (bA01 +B01)N˜l.(16)
This is equivalent to
b(Ap−A1r0 +A01N˜j) = Bp−B1r0 +B01N˜j .(17)
Sine this is true for more than one value of b, it implies that
Ap−A1r0 +A01N˜j = Bp−B1r0 +B01N˜j = 0.(18)
But this implies that equation (17) holds for any value of b. So the equation dp = D
holds even if we hange the diagonal entries of −∆(M), so, in partiular, it holds if
some nij = 0. Now sine we are only interested in rational homology spheres, and
for them d 6= 0, we get that the unnormalized edge determinant equation always
holds, by dividing by d.

We get following orollary, just by using the relation between D and D˜, that
|det(∆(M))| = |H1(M)| and taking absolute value.
Corollary 3.3 (Edge determinant equation). For an edge between nodes in the
splie diagram for the rational homology sphere graph manifold M , we get the fol-
lowing equation
p =
|D|
|H1(M)|
(19)
where p is the intersetion number in the torus orresponding to the edge of a ber
from eah of the sides of the torus, and D is the edge determinant assoiated to
that edge.
A onsequene of the edge determinant equation is that no node in the splie
diagram an have more than one adjaent edge weight of value 0. This is beause
we know that no leaf has edge weight 0, so if we have a node with at least two
adjaent edge weights of value 0, the edge determinant of an edge with 0 on would
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be 0r1 − ε0ε10N1 = 0, and then the edge determinant equation implies that p = 0.
But p = 0 means that the bers from eah side of the torus orresponding to the
edge have intersetion number 0, but then we ould extend the bration over T 2.
So the nodes v0 and v1 orrespond to one node v orresponding to a Seifert bered
piee, whih would not be ut in the JSJ deomposition.
Next we need a formula for omputing the rational euler lass of the Seifert
bered piees of our graph manifold, using only information from the splie diagram
and the order of the rst homology group. If we have a node in our splie diagram,
as in Fig. 1 below, where everything to the left is leaves
v1
◦
m11 qqqqqqqq
m1ll K
KK
KK
KK
K
.
.
.
◦
.
.
.
v
◦
n1
KKKKKKKK
nkss
ss
ss
ss
r1
s1
lllllllllllllllllllll
rk
sk
RR
RR
RR
RR
RR
RR
RR
RR
RR
RR
R
.
.
.
◦
vk
◦
mk1
ssssssss
mklk M
MM
MM
MM
M
.
.
.
Figure 1
,
we let N =
∏k
j=1 nj and let Mi =
∏li
j=1mij . Then we have the following proposi-
tion.
Proposition 3.4. Let v be a node in a splie diagram deorated as in Fig. 1 above
with ri 6= 0 for i 6= 1, let ev be the rational euler number of the Seifert bered piee
orresponding to v, then
ev = −d
( εs1
ND1
∏k
j=2 rk
+
k∑
i=2
εiMi
riDi
)
(20)
where d = |H1(M)| and Di is the edge determinant assoiated to the edge between
v and vi.
Proof. We start by proving a formula for e(v) using an unnormalized splie dia-
gram, and then show that the relation between unnormalized and normalized splie
diagram will give us the formula.
We rst assume that r1 6= 0 and prove the formula under that hypothesis.
Let Γ(M) be a non normalized splie diagram, looking like the above one. It is
onstruted from the plumbing diagram ∆, whih look like Fig. 2 below around the
node v.
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−b1a1
◦
KK
KK
KK
KK
c1
◦
qqqqqqqq
KK
KK
KK
KK
ss
ss
ss
ss
.
.
.
−b1(a1−1)◦
K
K
K
K
−c1m1
◦
s
s
s
s
−b11
◦
RR
RR
RR
RR
RR
R
−c11
◦
ll
ll
ll
ll
ll
l
.
.
.
b
◦
RR
RR
RR
RR
RR
R
ll
ll
ll
ll
ll
l
.
.
.
−bl1
◦
s
s
s
s
−ck1
◦
K
K
K
K
−bl(al−1)◦
ss
ss
ss
ss
−ckmk
◦
KK
KK
KK
KK
−blal◦
ck
◦
ssssssss
MM
MM
MM
MM
.
.
.
Figure 2
,
where bij , cij ≥ 2.
We want to ompute det(−∆), so we look at the negative intersetion matrix
−A(∆) of ∆, whih we an write like
−A(∆) =


b −1 0 . . . −1 . . . −1 . . . −1 . . .
−1 b11 −1 . . . 0 . . . 0 . . . 0 . . .
0 −1 b12 . . . 0 . . . 0 . . . 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
−1 0 0 . . . b21 . . . 0 . . . 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
−1 0 0 . . . 0 . . . c11 . . . 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
−1 0 0 . . . 0 . . . 0 . . . c21 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.


We get it the following way. If we delete the b-weighted vertex v ∈ ∆ we get l
omponents on the left and k omponents on the right.
If we let Bi be the negative intersetion matrix of the i'th omponent to the left.
It is of the form
Bi =


bi1 −1 . . . 0 0
−1 bi2 . . . 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . biai−1 −1
0 0 . . . −1 biai


.
Likewise we let Ci be the negative intersetion matrix of the i'th omponent to the
right.
Ci =


ci1 −1 . . . 0 0 . . .
−1 ci2 . . . 0 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . cimi −1 0
0 0 . . . −1 ci −1
.
.
.
.
.
. . . . 0 −1
.
.
.


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We get that −A(∆) has b at the A11 entry, then the Bi's and the Ci's are following
along the diagonal. The rst row and olumn has a −1 in the olumn/row there
orresponds to the upper left orner of a Bi or Ci, and all other entries 0.
−A(∆) =


b −1 −1 −1 −1
−1 B1
.
.
.
−1 Bl
−1 C1
.
.
.
−1 Ck


We will diagonalize the matrix to ompute det(−∆) = det(−A(∆)). This an
be done by rst diagonalising the matrix, exept for the rst row and olumn. To
see how this is done we look at one of the Bi. We lear the o-diagonal term in
the last olumn by adding
1
biai
times the last row from the seond to last row, then
we an lear the −1 at the left of the biai by a symmetri argument. We have now
leared the o diagonal terms of the last row and olumn, and at the seond to last
diagonal entry we have biai−1 −
1
bia1
. Sine all the bij ≥ 2 we an ontinue doing
this using the last row and olumns with o-diagonal entries to lear the one before
it. By diagonalising Bi this way we only add rows and olumns, and we never use
the rst row and olumn of Bi, this assures us that it does not hange the matrix
outside the Bi blok, sine the rows and olumns we use have zeros outside Bi. The
rst entry of the blok after diagonalising it will then be
βi = bi1 −
1
bi2 −
1
bi3 − . . .
We an also diagonalise the Ci's in the same way, by starting at the bottom right
orner and working up, only adding rows and olumns that are not the rst row
and olumn. We will denote the rst entry of the diagonalization of Ci by γi
To get the matrix ompletely diagonal we have to remove the −1 in the rst
row and the rst olumn. If −1 is in the rst row orresponds to the entry βi of
a diagonalized Bi then we remove it by adding
1
βi
times the i'th row to the rst.
This hanges the the rst entry by subtrating
1
βi
. Similarly if the −1 orresponds
to the entry γi of the diagonalized Ci we let
λi = γi − ci1 −
1
ci2 −
1
ci3 − . . .
Our assumptions on the splie diagram assures the Aii 6= 0 sine det(Ci) = ri and
Aii | det(Ci). We let
ξi =
1
ci1 −
1
ci2 −
1
ci3 − . . .
−
1
ci1 −
1
ci2 −
1
ci3 − . . .
+ λi
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So the hange to the rst entry of the matrix will be adding
ξi −
1
ci1 −
1
ci2 −
1
ci3 − . . .
We then get that rst entry of the diagonalised matrix is
b−
l∑
i=1
1
bi1 −
1
bi2 −
1
bi3 − . . .
−
k∑
i=1
1
ci1 −
1
ci2 −
1
ci3 − . . .
+
k∑
i=1
ξi
Now we know that
−ev = b−
l∑
i=1
1
bi1 −
1
bi2 −
1
bi3 − . . .
−
k∑
i=1
1
ci1 −
1
ci2 −
1
ci3 − . . .
by arguments of Walter Neumann in the proof of theorem 3.1 in [Neu97℄. So if
d = det(A(∆)) we get that
d = (−ev +
k∑
i=1
ξi)
l∏
i=1
det(B1)
k∏
i=1
det(Ci)(21)
But we also know that ni = det(Bi) and ri = det(Ci), so we get the following
formula.
d = (−ev +
k∑
i=1
ξi)
l∏
i=1
ni
k∏
i=1
ri = (−e(v) +
k∑
i=1
ξi)N
k∏
i=1
ri(22)
If we ut M along the torus just before the Seifert bered piee orresponding to
the node cj , when oming from v, and glue in a solid tori, we get a graph manifold
with a non normalized splie diagram Γ′ orresponding to Γ, where we remove
everything after rj , so that rj beomes the weight orresponding to a leaf. And the
plumbing diagram ∆′ of this manifold orresponds to ∆ with everything after cjmj
removed. We an now make the same alulation det(∆′) as above and get that
det(∆′) = pj(−ev +
k∑
i=1
i6=j
ξi)N
k∏
i=1
i6=j
ri(23)
where
pj = det


ci1 −1 . . . 0
−1 ci2 . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . cimi


But it follows from the proof of theorem 3.1 in [Neu97℄ that pj is the ber interse-
tion number for the edge. By denition det(∆′) = sj . So by ombining (22) and
(23) we get that
−ξj =
sj
pjN
∏k
i=1
i6=j
ri
−
d
N
∏k
i=1 ri
=
sjrj − dpj
pjN
∏k
i=1 ri
SPLICE DIAGRAM, SINGULARITY LINKS AND UNIVERSAL ABELIAN COVERS 15
by using that pj =
eD
d by 3.2 we get
−ξj = d
sjrj − D˜j
D˜jN
∏k
i=1 ri
= d
NMj
∏k
i=1
i6=j
ri
D˜jN
∏k
i=1 ri
=
dMj
rjD˜j
So using this in (22) we get
e(v) = −d
( 1
N
∏k
j=1 rk
+
k∑
i=1
Mi
riD˜i
)
(24)
= −d
( D˜1
ND˜1
∏k
j=1 rk
+
k∑
i=1
Mi
riD˜i
)
(25)
= −d
(r1s1 −N∏kj=1 rkM1
ND˜1
∏k
j=1 rk
+
k∑
i=1
Mi
riD˜i
)
(26)
= −d
( s1
ND˜1
∏k
j=2 rk
+
k∑
i=2
Mi
riD˜i
)
(27)
This proves the formula if r1 6= 0. We get a new equation by multiplying both
sides of (27) by
∏k
i=1 D˜i
∏k
i=2 rk. This equation is as in the proof of unnormalized
edge determinant equation, an equation in the minors of −∆(M). By hanging
a diagonal entry b of −∆(M), lying in C1, we get that the equation beomes a
polynomial equation in b, whih is an equality for innity many values of b, hene
it is an equality, so the equation holds for all value of b. We get our formula by
dividing this equation by
∏k
i=1 D˜i
∏k
i=2 ri, whih is not 0 by our assumption on the
ri's.
We saw earlier that ε = sign(d)
∏l
i=1 sign(ni)
∏k
i=1 sign(ri), we get that
d
N
Q
k
i=1 ri
=
ε|d|
|N |
Q
k
i=1|ri|
.
Using that Di = sign(ri) sign(si)D˜ and εi = sign(Mi) sign(si) sign(d), we also
get that d Mi
ri eDi = |d|
εj |Mi|
|ri|Di
, whih proves the proposition.

From Corollary 3.3 and Propositions 3.1 and 3.4 we get the information needed
to make the deomposition graph.
4. Proof of the First Main Theorem
In last setion we saw that knowing the splie diagram and the order of the
rst homology group lets us onstrut the deomposition graph of M . It therefore
also lets us onstrut the deomposition matrix, also alled the redued plumbing
matrix as dened in [Neu97℄. By theorem 3.1 in [Neu97℄ we just need to show that
the deomposition matrix is negative denite if all edge determinants are positive
and the splie diagram has no negative deorations.
Theorem 4.1. Let M be a rational homology sphere graph manifold, with splie
diagram Γ, suh that all edge determinants are positive and Γ has no negative
deorations at nodes. Then M is a singularity link.
Proof. The assumption that all edge determinants are > 0 and we do not have
any negative deorations at edges assures that no edge weight is 0. Beause if we
had an edge weight of 0, then it had to be on a edge between nodes, but the edge
determinant of this edge would be 0r1 − ε0ε1N0N1 = −N0N1 < 0.
Let d = |H1(M)|. We proeed by indution in the number of nodes of Γ. If Γ
only has one node, then M is Seifert bered and the redued plumbing matrix is a
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1 × 1 matrix, with the rational euler number e of M as it's entry. By Proposition
3.4, e = −d ε
N
Q
k
j=0 rk
. But N, rk, d are all greater than 0 by denition, and ε = 1
by assumption, so e is negative. Hene the redued plumbing matrix is negative
denite.
Assume that there are n nodes in Γ. Let v be a end node of Γ, meaning a node
of the form
◦
.
.
.
v
◦
n1
KKKKKKKK
nlss
ss
ss
ss
r s v
′
◦
m1
ssssssss
mk KK
KK
KK
KK
.
.
.
◦ ,
suh nodes always exist sine Γ is a tree. Then the redued plumbing matrix is of
the form


e(v) 1p 0 . . .
1
p e(v
′)
0
.
.
.
.
.
.


If we set N =
∏l
i=0 ni and M =
∏k
i=0mi we get by Proposition 3.4 that
e(v) = −d
εs
DN
where D is the edge determinant of the edge between v and v′. This means that
the matrix look like this 

−εsd
DN
1
p 0 . . .
1
p e(v
′)
0
.
.
.
.
.
.


By a row and olumn operation we get the matrix to the form

−εsd
DN 0 0 . . .
0 e(v′) + εDNp2sd
0
.
.
.
.
.
.

 =
(
−εsd
DN
)
⊕


e(v′) + εNdDs
.
.
.

 ,
where the equality follows from using that
1
p2 =
d2
D2 . Sine s, d,N are positive
by denition and D, ε are positive by assumption, the redued plumbing matrix is
negative denite if the matrix

e(v′) + εNdDs
.
.
.


is negative denite. Now
e(v′) +
εNd
Ds
= −
d
Ms
−
k∑
i=0
εiMi
riDi
−
εNd
Ds
+
εNd
Ds
= −
d
Ms
−
k∑
i=0
εiMi
riDi
= e˜(v′)
But e˜(v′) is the rational euler number of the Seifert bered piee orresponding to
v′ in the manifold M ′ whih is the manifold one gets by utting M along the edge
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between v and v′, and gluing in a solid tori in the piee ontaining v′. Then the
matrix 

e˜(v′)
.
.
.


is the redued plumbing matrix for the manifold M ′. But sine the splie diagram
of M ′ is the same as Γ exept it has a leaf instead of the node v, it only has n− 1
nodes. Then by indution the redued plumbing matrix of M ′ is negative denite,
so the redued plumbing matrix of M is negative denite, and then by theorem 3.1
in [Neu97℄ M is the link of a omplex surfae singularity.

5. Graph orbifolds
To prove the seond main theorem we need to extend our notions and results
about graph manifolds. The reason is, that in the proof we are doing indution
on our graph manifold, whih means we have to ut our manifold along a torus
and glue in solid tori to get some smaller manifolds in whih the statement holds
by indution and whose universal abelian over ontribute piees to the universal
abelian over of M . The problem is that we do not always get manifolds when
we glue in the solid torus. Already in the simple ase with the following plumbing
diagram,
−2
◦
SS
SS
SS
S
−2
◦
kk
kk
kk
k
−3
◦
−3
◦
−2
◦
kkkkkkk
−2
◦
SSSSSSS
,
the spaes one gets by gluing in the solid tori if one uts along the entral edge are
not manifolds.
Fortunately the spae we get when glue in the solid torus is not that bad, and
is what we will all a graph orbifold, whih we dene as follows.
Denition 5.1. Let M be a 3 dimensional orbifold. We all M a graph orbifold if
there exist a olleting of disjoint smoothly embedded tori Ti ⊂M , suh that eah
onneted omponent of M −
⋃
Ti is an S
1
orbifold bundle over orbifold surfaes.
It is lear that if a onneted omponent of M −
⋃
Ti is smooth, then it is a
Seifert bered manifold, hene if M is smooth it is a graph manifold.
We want to dene the splie diagram of a rational homology graph orbifold. But
to do this we have to onsider whih homology we are going to use. Remember that
if M is smooth then πorb1 (M) = π1(M) where π
orb
1 (M) is the orbifold fundamental
group dened by Thurston see e.g. [So83℄. So in the ase of smooth manifolds
orbifold overings and overings are the same. We need orbifold overings, and the
interesting homology group is then Horb1 (M), whih for our purpose it is enough to
dene as the abelianization of πorb1 (M), sine it governs the abelian orbifold overs
of M . It should be mentioned that there exists a de Rham theorem for orbifold
ohomology with rational oeients, whih says that H∗orb(X ;Q)
∼= H∗(X ;Q). So
an orbifold is a rational homology sphere as an orbifold if and only if its underlying
spae is a rational homology sphere. Orbifolds also satises Poinare duality with
rational oeients. See e.g. [ALR07℄ for these results.
Next we look at the deomposition of a graph orbifold M into bered piees. To
have a unique deomposition we do it the following way. Start by removing a solid
torus neighborhood of eah orbifold urve Kj ⊂ Nj ⊂ M , i.e. a urve along whih
M is not a manifold. Let M ′ = M −
⋃m
j=1Nj, then M
′
is a graph manifold with
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m torus boundary omponents. We then take the JSJ deomposition of M ′, and
glue the Nj 's bak in the piees of the JSJ deomposition of M . This give us our
deomposition of M into bered piees. It is unique sine the JSJ deomposition
of M ′ is unique.
To dene the splie diagram Γ(M) of a graph orbifold M , we start by taking
a node for eah onneted omponent of M −
⋃n
i=1 Ti, where the set of Ti omes
from the deomposition we dened above. We then onnet two nodes in Γ(M) if
the orresponding onneted omponents of M −
⋃n
i=1 Ti are glued along a torus.
We add a leaf at a node for eah singular ber of the S1 orbifold bundle over the
orbifold surfae Σ, this is the same as adding a leaf for eah point in Σ whih does
not have trivial isotropy group.
To put deorations on Γ(M) we do the same as in the splie diagram, exept
that where for a manifold we used the rst singular homology group, we now use
the rst orbifold homology group. That is, to get deorations on a edge we ut M
along the orresponding torus, glue in a solid torus in the same way as for manifolds
and take the order of the rst orbifold homology group of the new graph orbifold
as the deoration, and at nodes we put the sign of the linking number of two non
singular bers of the S1 bration orresponding to the node.
Let us take a loser look at the orbifold urves. In any 3 dimensional orbifoldM ,
an orbifold urveK ⊂M is a embedding of S1 suh that there exist a neighborhood
NK of K and NK −K is smooth. Now NK an be hosen to be topologial a solid
torus, and in this ase Horb1 (NK) = Z⊕Z/pZ. We all p the orbifold degree of K.
Another way to view NK is as a S
1
bration over a disk Dα with one orbifold point
where the isotropy group is Z/αZ. Then NK is dened by a integer β whih tells
you how muh the bers over the non orbifolds points wrap around the singular
ber over the orbifold point. Now if gcd(α, β) = 1 then NK is in fat smooth,
and K is not a orbifold urve, but a singular ber of the Seifert bration in a
neighborhood of K. In general a alulation shows that if K is a orbifold urve of
degree p, then gcd(α, β) = p.
Next look at how NK is glued toM
′ =M −NK . We have a ollar neighborhood
U = (0, 1]× T 2 of ∂(M ′). The bration of NK → Dα gives a bration ∂NK → S
1
,
this again gives a bration of ∂U whih an be extended to all of U . The image of a
meridian NK in ∂U denes a simple losed urve transverse to the bration. By a
meridian of NK we mean a simple losed urve of the boundary, that is transverse
to the bration and has homology lass of nite order in Horb1 (NK). The bration
on U and the simple losed urve transverse to the boundary uniquely desribe a
way to glue in a solid torus in the boundary of U to make it an Seifert bered
manifold, we all this manifold MK . Note that the gluing maps ϕ : ∂M
′ → ∂NK
and ϕ′ : ∂M ′ → ∂(S1 × D2) are the same, and it is therefore also lear that as
topologial spaes M and MK are the same.
Proposition 5.2. Let K ⊂ M be an orbifold urve of degree p in a rational ho-
mology sphere orbifold M . Then |Horb1 (M)| = p|H
orb
1 (MK)|.
Proof. We get the following exat sequene from the Meyer-Vietoris sequene of
the over of M by M ′ and NK
0→ Z2
i∗−→ Horb1 (M
′)⊕ Z⊕ Z/pZ→ Horb1 (M)→ 0(28)
by using that Horb1 (NK) = Z ⊕ Z/pZ. The zero follows sine M is a rational
homology sphere, hene Horb2 (M) has to be nite, and therefore have image zero in
Z
2
. We likewise get the exat sequene
0 → Z2
i′
∗−→ Horb1 (M
′)⊕ Z→ Horb1 (MK)→ 0(29)
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from the Meyer-Vietoris sequene of MK by the over of M
′
and S1 × D2. Now
i∗ = (i
′
∗, g) where the image of g is in {0} × Z/pZ from the way we onstruted
MK above. We have the following maps π : H
orb
1 (M
′)⊕Z⊕Z/pZ → Horb1 (M
′)⊕Z
given by π(a, b, c) = (a, b) and f∗ : H
orb
1 (M)→ H
orb
1 (MK) whih is the map indued
on orbifold homology groups, by the homeomorphism f : M → MK whih is the
identity on the ompliment of NK . Note that f |M ′ : M
′ → M ′ is the identity and
f |NK : NK → S
1×D2 indues the map from Z
⊕
Z/pZ to Z given by (b, c) = b, so
we have the following map of short exat sequenes
0 //
Z
2
i∗ //
∼=

Horb1 (M
′)⊕ Z⊕ Z/pZ //
pi

Horb1 (M)
//
f∗

0
0 //
Z
2
i′
∗ // Horb1 (M
′)⊕ Z // Horb1 (MK)
// 0
.(30)
Using the snake lemma on (30) we get the following short exat sequene.
0 → Z/pZ→ Horb1 (M)→ H
orb
1 (MK) → 0(31)
and sine this is a short exat sequene of nite abelian groups, the order of the
group in the middle is the produt of the order of the other two groups, whih
proves the theorem. 
Corollary 5.3. Let M be a rational homology sphere graph orbifold and M be
its underlying topologial manifold then |Horb1 (M)| = P |H1(M)|, where P is the
produt of the degrees of all orbifold urves in M .
We say that a edge weight r of a splie diagram sees a leaf v of that splie
diagram if, when we delete the node whih r is adjaent to, the leaf v and the edge
whih r is on are in the same onneted omponent.
Corollary 5.4. The splie diagram Γ(M) is equal to the splie diagram Γ(M)
exept if a edge weight sees a leaf orresponding to an orbifold urve of M it is
multiplied by the degree of the orbifold urve.
Proof. If an edge weight r sees a leaf then the orbifold urve orresponding to that
leaf is in the orbifold piee whose order of the rst homology group gives r. 
Corollary 5.5. Assume that we have an edge in our Γ(M) between two nodes.
Let T be the torus orresponding to the edge and p the intersetion number in T of
non-singular bers from eah of the sides of T . Let d = |Horb1 (M)|, then
p =
|D|
d
(32)
where D is the edge determinant of that edge.
Proof. Sine T is in the smooth part of M , the ber intersetion number is the
same in M and M ′, and hene the same in M . The equation holds in M by 3.3,
and, sine eah term of D sees eah orbifold urve one, it holds in M . 
Corollary 5.6. Let v be a node in a splie diagram deorated as in Fig. 1 with
ri 6= 0 for i 6= 1, let e(v) be the rational euler number of the S
1
bered orbifold piee
orresponding to v, then
e(v) = −d
( εs1
ND1
∏k
j=2 rk
+
k∑
i=2
εiMi
riDi
)
(33)
where d = |Horb1 (M)| and Di is the edge determinant assoiated to the edge between
v and vi.
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Proof. Sine the rational euler number assoiated to the node is the same in M
and M and the formula holds for M by 3.4, it follows by notiing that the same
orbifold degrees show up in the numerator and the denominator. 
6. Proof of the Seond Main Theorem
A splie diagram for a Seifert bered manifold M , whih has Seifert invariant
(0; (α1, β1), . . . , (αn, βn)) look like this
◦
.
.
.
v
◦
α1
KKKKKKKK
αn−2
αn
αn−1 KK
KK
KK
KK ◦
◦
◦ ,
and by 3.4 the sign of the rational euler number is equal to minus the sign at the node
of the splie diagram. So from the splie diagram, we an read o the αi's and the
sign of the rational euler number, but this is exatly the information that determines
the universal abelian over of M . By theorem 8.2 in [Neu83a℄ the universal abelian
over of M is homeomorphi to the Brieskorn omplete intersetion
∑
(α1, . . . , αn)
provided e < 0. If e > 0 one has to ompose with a orientation reversing map. The
ase e = 0 does not our for a rational homology Seifert bered manifold. We will
generalize this this result to graph manifolds. But to do this we need to prove it
for graph orbifolds.
A S1 bered orbifold will have a splie diagram as above in the ase of Seifert
bered manifolds, and its universal abelian over will likewise be
∑
(α1, . . . , αn),
but now it follows from the proof of the above theorem in [Neu83b℄ whih also
works when gcd(αi, βi) 6= 1.
Now this will prove the indution start in most ases but to prove it in general
we need the following lemma.
Lemma 6.1. Let π1 : M →M1 and π2 : M →M2 be universal abelian orbifold ov-
ers suh that deg(π1) = deg(π2) = d and both M1 and M2 have an orbifold urve of
degree p. Let L(n,m1) and L(n,m2) be orbifold quotients of S
3
by Z/nZ whih on-
tain orbifold urves of degree p. Then the universal abelian over of L(n,m1)#pM1
is homeomorphi to L(n,m2)#pM2, where #p means taking onneted sum along
B3 that intersets the orbifold urve of degree p, and the degree of the over is nd/p.
Proof. We are going to prove the lemma by onstruting the universal abelian over
of L(n,mi)#pMi, and see it is determined by M,n, d and p.
Let B2p ⊂Mi be the ball with a orbifold urve of degree p passing through whih
we are going to remove to take onneted sum. Let M ′i = Mi −B
3
p and S
2
p = ∂M
′
i .
π−1(M ′i) = M˜i is onneted submanifold of M and π1|fMi : M˜i → Mi is an abelian
over. Now πi restrited to a onneted omponent of ∂M˜i is the p-fold yli
branhed over of S2, hene the number of boundary omponents of M˜i is d/p.
So learly M˜i is homeomorphi to M with d/p balls removed, and hene does not
depend on Mi and πi. If we then look at S
2
p = ∂(L(n,mi)−B
3
p) then the preimage
under the universal abelian over of pi : S
3 → L(n,mi) of L(n,mi)−B
3
p, is S
3
with
n/p balls removed. Let M˜ be the manifold onstruted the following way. Take
n/p opies of M˜i and d/p opies of S
3
with n/p balls removed. Then glue eah of
the M˜i to eah of the S
3
's exatly one, to form M˜ . Sine πi and the universal
abelian over map from S3 to L(n,mi) agrees on boundary omponents, we get an
abelian over π˜i : M˜ → L(n,mi)#pMi of degree nd/p, by letting π˜i be equal to πi
on eah of the M˜i omponents and to the pi on the S
3
omponents.
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Using Meyer-Vietoris sequene we get that |Horb1 (L(n,mi)#pMi)| = nd/p hene
π˜i : M˜ → L(n,mi)#pMi is the universal abelian over, whih proves the lemma
sine the homeomorphism type for M˜ only depends on M,n, d and p. 
Remark that the above theorem is not true if we took onneted sum along
spheres with dierent degrees of the orbifold points, e.g L(6, 3)#3L(6, 3) has uni-
versal abelian over S1×S2, but the universal abelian over of L(6, 3)#L(6, 3) has
rst homology group of rank 25. Sine the splie diagram annot see the orbifold
urve we are going to take onneted sum along, this fores us to make the as-
sumption on our graph orbifolds in the theorem below. Alternatively one ould
make a new denition of splie diagram, where at leaves of weight zero one speies
the degree of the orbifold urve in the solid torus orresponding to the leaf. The
theorem then holds for all graph orbifolds with this invariant.
Theorem 6.2. If M and M ′ are two rational homology sphere graph orbifolds
having the same splie diagram Γ, and assume that all solid tori orresponding to
leaves of weight zero do not have orbifold urves. Then M˜ is homeomorphi to M˜ ′,
where π : M˜ →M and π′ : M˜ ′ →M ′ are the universal abelian orbifold overs.
Proof. We will prove the theorem by indutively onstruting M˜ only using infor-
mation from the splie diagram.
For the ase with one node, this is mostly the theorem from [Neu83a℄ and
[Neu83b℄ ited above, sine every one-node graph orbifold is a S1 bered orbifold,
if we have no edge weight of 0. So we have to onsider the ase of a one-node splie
diagram with a edge weight of 0.
Let M be a orbifold with the following splie diagram
◦
.
.
.
v0
◦
n1
KKKKKKKK
nkss
ss
ss
ss
0
◦
◦ .
This orbifold is a S3 onnet summed along smooth S2's with the orbifold quo-
tients of S3 by Z/niZ L(n1, q1), . . . , L(nk, qk), where the pair (ni, qi) is the Seifert
invariant of the i'th singular ber.
One sees this the following way. The leaf with edge weight zero means that the
bers of the piee orresponding to the entral node bounds a meridional dis in
the solid torus Z orresponding to the leaf of weight zero. Take two bers F1 and
F2 and a simple path p between them in the boundary of the Z. Then the region
B ⊂ Z bounded by all the bers interseting p and the meridional diss bounded
by F1 and F2 is a ball. We an now extend B to the boundary of the solid torus L
orresponding to the leaf of weight ni. So by this, part of the boundary of B is a
annulus of bers in ∂L. Now L
⋃
B is a solid torus glued to a ball along a strip ross
a knot whih is a representative of a non trivial homology lass of the boundary of
L, and hene learly has boundary S2. Another way to see this is that the boundary
is an annulus union 2 diss. L
⋃
B inludes a singular ber, hene it is not a ball,
and therefore the S2 is a separating sphere, and M = (L
⋃
B)#(M − L
⋃
B).
What is left is just to see what L
⋃
B is. To see this we see that the omplement
of B in Z is a ball. So gluing this ball to L
⋃
B we get the same orbifold as if we
glued L to Z, and sine Z does not have any singular bers it is a quotient of S3
with a orbifold urve with Seifert invariant (ni, qi).
So by doing this for eah of the leaves with non zero weight, we get that M is
onneted sum of the S3 quotients L(n1, q1), . . . , L(nk, qk) and a entral piee M
′
.
What is left is to see that the entral piee is S3. If we glue a ball in M − L
⋃
B
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to make the losed manifold M ′, we see that M ′ is Z glued to a solid torus, and
the gluing map is the same as when we glued Z to M − Z. Sine the weight of
the leaf orresponding to Z was zero, it implies that a ber of T 2 = ∂(M − Z) is
a generator of H1(T
2) and is glued to a meridian of Z and a simple losed urve c
orresponding to the other generator is glued to a longitude of Z. This is beause
that is how one speies the gluing of Z to a solid torus to get the deoration of the
splie diagram, the glued manifold here being S1×S2 sine the weight is zero. But
gluing two solid tori aording to the gluing of M and Z desribed above reates a
S3.
To show that the universal abelian over of M is determined by the splie di-
agram, we do indution in the number of S3 quotients in M , i.e. the number of
leaves of the splie diagram of M . If there is only one S3 quotient, then S3 onnet
sum L(n, q) is just L(n, q), so the universal abelian over of M is just S3 and the
overing map has degree n, hene determined by the splie diagram.
Let M ′ be the onneted sum of S3 with L(n1, q1), . . . , L(nk−1, qk−1). Then M
′
has splie diagram as follows
◦
.
.
.
v0
◦
n1
KKKKKKKK
nk−1ss
ss
ss
ss
0
◦
◦ .
So by indution the universal abelian over M˜ ′ of M ′ and the degree for this
universal abelian over d is determined by the splie diagram. We also have that
M = L(nk, qk)#M
′
so by Lemma 6.1 the universal abelian over ofM is determined
by M˜ ′, nk and the degree of the over M˜
′ → M ′ (remember in this ase p = 1).
But all this information is given by the splie diagram, sine the splie diagram of
M ′ is determined by the splie diagram of M .
This ompletes the one node ase. For more than one node we will redue our
ase to one with fewer nodes by utting along a torus in M orresponding to an
edge joining two nodes in Γ. This is more ompliated than when we ut along a
sphere sine what we ut along is now not simply overed one by itself, but may
be multiply overed, and the gluing of 2torus boundary omponents is not trivial
as it is with 2spheres.
Let us assume that M has splie diagram Γ with n > 1 nodes. We look at a
edge between two nodes of the form
.
.
.
v0
◦
n01
MMMMMMMM
n0k0qq
qq
qq
qq
r0 r1
v1
◦
n11
qqqqqqqq
n1k1 M
MM
MM
MM
M
.
.
.
.
Let T 2 ⊂M be the separating torus, orresponding to the edge we have hosen.
Let M◦i ⊂ M − T
2
be the onneted omponent ontaining the node vi, and let
Mi = M
◦
i ∪ T
2
. M0 and M1 are graph orbifolds with one boundary torus eah.
π|pi−1(Mi) : π
−1(Mi)→Mi is a (possibly disonneted) abelian overing. Let M˜i ⊂
π−1(Mi) be a onneted omponent. Then π|fMi : M˜i →Mi is a onneted abelian
overing.
To desribe the overing π|fMi : M˜i →Mi we are going to onstrut a losed graph
orbifoldM ′i , withMi ⊂M
′
i , suh that if p : M˜
′
i →M
′
i is the universal abelian over,
then p|p−1(Mi) : p
−1(Mi)→Mi is equal to π|fMi : M˜i →Mi, i.e., M˜i = p
−1(Mi) and
the maps p|fMi and π|fMi agree.
We rst look at M ′0. We will onstrut it from M0 by gluing a solid torus in the
boundary of M0, in a way we will now explain. Now M
′
0 has splie diagram
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.
.
.
v0
◦
n01
MMMMMMMM
n0k0qq
qq
qq
qq
r′0
◦
.
where every weight on the left is as in the splie diagram of M if it does not see the
edge we are utting along. We want to determine r′0 and the other weights that see
the edge we are utting along so that the universal abelian over has the desired
properties.
To determine M˜0 we use that the omponents of a non onneted abelian over
are determined by the map from Horb1 of the base spae to the abelian group
whih determines the non onneted over. So in our ase M˜0 is determined by
Horb1 (M0) → H
orb
1 (M). One makes M
′
0 by gluing in a solid torus with a orbifold
urve of degree p suh that the generator of ker
(
Horb1 (M0)→ H
orb
1 (M)
)
is the urve
that get killed, i.e. ker
(
Horb1 (M0)→ H
orb
1 (M)
)
= ker
(
Horb1 (M0) → H
orb
1 (M
′
0)
)
, by
gluing the primitive element α suh that 〈pα〉 = ker
(
Horb1 (M0) → H
orb
1 (M)
)
to a
meridian of the solid torus with a orbifold urve of degree p and a simple losed
urve with intersetion 1 with the generator to a longitude. This ensures that M˜0
embeds into the universal abelian over of M ′0. We also gets that
H1(M
′
0) = Im
(
Horb1 (M0)→ H
orb
1 (M
′
0)
)
= Horb1 (M0)/ ker
(
Horb1 (M0) → H
orb
1 (M
′
0)
)
= Horb1 (M0)/ ker
(
Horb1 (M0)→ H
orb
1 (M)
)
= Im
(
Horb1 (M0) → H
orb
1 (M)
)
.
This last fat is what we want to use to nd the splie diagram of M ′0, so we need
to determine Im
(
Horb1 (M0)→ H
orb
1 (M)
)
.
We rst determine ker(Horb1 (M0)→ H
orb
1 (M)), by looking at the Meyer Vietoris
sequene of the overing of M by M0 and M1.
· · · → Horb2 (M)→ H1(T
2)→ Horb1 (M0)⊕H
orb
1 (M1)→ H1(M)→ . . .(34)
Sine we have Poinare duality with rational oeients, it follows that Horb2 (M) is
nite, soH21 (T
2) = Z⊕Z injets intoHorb1 (M0)⊕H
orb
1 (M1). Hene ker(H
orb
1 (M0)→
Horb1 (M)) is equal to the intersetion of H
orb
1 (M0) with Z⊕Z, by using again that
the rational homology of M0 is just as the rational homology of manifold, it fol-
lows that Horb1 (M0) is rank one. Therefore ker(H
orb
1 (M0)→ H
orb
1 (M)) = Z and is
generated by a lass in the boundary of M0.
Let Q0 ∈ H1(M0) be a representative of the homology lass of a setion of the
bration of T 2, and let F0 ∈ H1(M0) be a representative of the lass of the bers of
the Seifert bered piee orresponding to the node v0 in M0. Then some homology
lass T 2 given by r′0Q0 + s0F0 is the lass that gets killed when we glue in M1, so
it represents the generator of ker(Horb1 (M0)→ H
orb
1 (M)).
We have that |Horb1 (M1)/〈F0〉| = r0 by the denition of splie diagram, sine
Horb1 (M1)/〈F0〉 = H
orb
1 (M1/F0). Let |H
orb
1 (M1)/〈F0, Q0〉| = d1. Then, sine
Horb1 (M1)/〈F0, Q0〉 = H
orb
1 (M1/∂), d1 is equal to the ideal generator dened by
Neumann and Wahl in [NW05a℄, whih is an invariant of the splie diagram. This
is their theorem 12.9, whose proof also works for graph orbifolds. This implies that
the order of Q0 in H
orb
1 (M1)/〈F0〉 is r0/d1. Sine r
′
0Q0+ s0F0 = 0 in H
orb
1 (M1) we
get that r′0Q0 = 0 in H
orb
1 (M1)/〈F0〉, so r
′
0 | r0/d1.
We also have the following map of exat sequenes
0 // Z〈F0〉 // Horb1 (M1)
// Horb1 (M1)/〈F0〉
// 0
0 // Z〈F0〉 //
∼=
OO
(Z× Z)/〈r′0Q0 + s0F0〉
//
OO
Z/(r′0)
//
OO
0
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sine the left map is an isomorphism and middle map is injetive, it follows that
the right map is injetive too, hene r′0 = r0/d1. Also note that H
orb
1 (M1, ∂) =
Horb1 (M,M0) = H
orb
1 (M)/ Im
(
Horb1 (M0) → H
orb
1 (M)
)
, so by taking the order of
the groups, we get that d1 = d/|Im
(
Horb1 (M0)→ H
orb
1 (M)
)
|, and sineHorb1 (M
′
0) =
Im
(
Horb1 (M0)→ H
orb
1 (M)
)
, one gets that |Horb1 (M
′
0)| = d/d1.
Now for the other edge weights whih see the edge we are utting along, we start
by determining the edge weight on an edge whih onnets to our hosen node.
Sine the ber intersetion number orresponding to the edge is the same in M and
M ′0, we get by 3.2 the following equations
|D|
|Horb1 (M)|
=
|D′|
|Horb1 (M
′
0)|
(35)
where D is the edge determinant orresponding to the edge in M and D′ the edge
determinant orresponding to the edge inM ′. Sine |Horb1 (M
′
0)| = |H
orb
1 (M)|/d1 by
the above alulation, we get that |D′| = |D|/d1. Sine r
′
0 = r0/d1, the denition
of edge determinants now gives that the hanged edge weight on the edge we are
looking at has also been divided by d1. Continuing indutively we see that all edge
weight that sees the edge are divided by d1.
Note that if the urve we kill when we glue in the solid torus in M0 is a multiple
of a primitive element, then we get a orbifold urve in the glued in torus. Now this
is not a problem if the weight on the edge is non zero, so let us onsider the ase
when the edge weight r0 = 0. The urve we kill is the urve that bounds in M1,
but r0 = 0 implies that a ber in ∂M0 bounds in M1, so the urve we kill is a ber.
But bers are primitive elements, so we do not get a orbifold urve in this ase.
This insures that M ′1 satises the hypothesis of the theorem.
By a similar argument r′1 = r1/d0 where d0 = |H
orb
1 (M0, ∂)| = |H1(M,M1)|.
All this implies that the splie diagram Γ0 of M
′
0 look likes
.
.
.
v0
◦
n01
MMMMMMMM
n0k0qq
qq
qq
qq
r0/d1
◦
.
and the splie diagram Γ1 for M
′
1 is
◦
r1/d0 v1
◦
n11
qqqqqqqq
n1k1 M
MM
MM
MM
M
.
.
.
.
Where all edge weights whih see the ut edge are gotten from the old weight by
dividing by d1 in the rst ase and d0 in the seond ase.
Sine d0 and d1 are the ideal generators dened in 12.8 of [NW05a℄, they are
ompletely determined by Γ, sine they are generators of ideals dened by numbers
oming from the deorations of Γ. Now the splie diagrams Γ0 and Γ1 have at most
n−1 nodes eah, sine we get them by removing at least one node of Γ, hene by in-
dution M˜ ′0 is determined by Γ0 and M˜
′
1 are determined by Γ1. Sine Γ0 and Γ1 are
determined by Γ, this implies that M˜ ′0 and M˜
′
1 are determined by Γ, and therefore
by the onstrution of M ′0 and M
′
1, we have that M˜0 and M˜1 is determined by Γ.
Next we want to see that the splie diagram determines the number of omponents
of π−1(M0) and π
−1(M1) and whih omponents are glued to whih. The group of
permutations of the omponents of π−1(Mi) is given by H
orb
1 (M)/ Im(H
orb
1 (Mi) →
Horb1 (M)). But H
orb
1 (M)/ Im(H
orb
1 (Mi) → H
orb
1 (M)) = H
orb
1 (M,Mi), so the num-
ber of omponents of π−1(Mi) is the order of H
orb
1 (M,Mi), whih we have seen
before is di, and only depends on the splie diagram.
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To see whih omponents are glued together, we notie that all these gluings are
along tori in π−1(T 2), so the gluing are speied by the group of permutations of the
omponents of π−1(T 2). So we look atHorb1 (M)/ Im(H
orb
1 (T
2)→ H1(M)), whih is
the same as Horb1 (M,T
2). By exision this is Horb1 (M/T
2). NowM/T 2 = M1/T
2∨
M2/T
2
, so the group of permutations of π−1(T 2), is given by Horb1 (M1, T
2) ⊕
Horb1 (M2, T
2). Sine the group of permutations of the tori is just the produt of
the permutations of the group of permutations of the omponents of eah sides, it
follows that a omponent on the one side is glued to eah omponent on the other
side exatly one.
The last last thing to see is that the gluing of a omponent of π−1(M0) to a
omponent of π−1(M1) is speied by the splie diagram. Let M˜0 and M˜1 be
omponents on eah of the sides. To speify the gluing, we show that the splie
diagram determines two distint essential urves up to homotopy in eah omponent
T 20i of ∂M˜0 and in eah omponents T
2
1j of ∂M˜1. The urves are the same in eah
of the T 20i's and likewise in eah of the T
2
1i's. If the urves in T
2
0i are alled F0, C0
and in T 21j the urves are F1, C1, then when a T
2
0i is glued to a T
2
1j, F0 is identied
with C1 and C0 is identied with F1.
Now M˜0 and M˜1 are the total spaes of graph orbifolds with boundary ompletely
determined by Γ, hene we have naturally dened bers F˜i by the restrition of
π−1(Fi), where Fi are bers in the boundary of Mi. So these bers are going to be
one of our urves on eah side. The other urve in T 2ij is then the urve the ber
from the other side are going to be identied with. So we need to nd this urve.
Let N˜i ⊂ M˜i be the Seifert bered piee sitting over the S
1
bered piee of
Ni ⊂Mi orresponding to the node vi. Now N˜i is a piee of the JSJ deomposition
of M˜ and therefore has a rational euler number e˜i. This is the rational euler
number of the losed Seifert bered manifold one gets by gluing solid tori in ∂N˜i,
speied by the gluings of N˜i to the other piees of the JSJ deomposition as
desribed in beginning of Setion 3. We are going ompute e˜i, and then use this to
speify the other urve in eah T 2ij . To do this we an assume by indution, that
a simple losed urve transverse to the bration is determined in all the boundary
omponent of N˜i exept the boundary omponents lying over the edge between v0
and v1 are speied. But the bers and the simple losed urves in all the boundary
omponents lying over the edge between v0 and v1, will be the same. Sine we know
F˜i the rational euler number e˜i of N˜i determines a simple losed urve transverse
to the bration in eah of the boundary omponents of M˜i.
To ompute e˜0 we will use the relation between e˜0 and the rational euler number
of the S1 bered piee in the base N0, i.e., the ev0 . This relation is given by theorem
3.3 of [JN83℄, and give in our situation that e˜0 =
b0
f0
ev0 , where b0 is the degree of
the overing map restrited to the base of the Seifert bered piees and f0 is the
degree of π restrited to the bers. Now deg(π|fM0 ) = b0f0 and deg(π|fM0 ) =
d
d0
sine d0 is the number of omponent of π
−1(M0). This implies that e˜0 =
d
d0f20
ev0 .
To alulate f0 notie that f0 = |Im(H
orb
1 (F0)→ H
orb
1 (M))|, and sine
|Horb1 (M)/ Im(H
orb
1 (F0) → H
orb
1 (M))| = |H
orb
1 (M)|/|Im(H
orb
1 (F0)→ H
orb
1 (M))|
we get that f0 = |H
orb
1 (M)|/|H
orb
1 (M)/ Im(H
orb
1 (F0) → H
orb
1 (M))|, so we want to
alulate |Horb1 (M)/ Im(H
orb
1 (F0)→ H
orb
1 (M))|.
Now Horb1 (M)/ Im(H
orb
1 (F0) → H
orb
1 (M)) is is the same as H
orb
1 (M,F0) =
Horb1 (M/F0), so we need to nd |H
orb
1 (M/F0)|. M/F0 is M with the bers ol-
lapsed at the piee N0; this is the same as gluing in disks in the bers of N0.
This then implies that we glue a disk to a simple losed urve transverse to the
bration of all the S1bered piees glued to N0 along a torus. This implies that
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Horb1 (M/F0) =
(
A1×A2 × · · ·Ak0 ×G
)
/ (a1, a2, . . . , ak0 , g), where the group Aj is
the rst orbifold homology group of the graph orbifold one gets by utting along
a torus orresponding to the 0j'th edge between the N0 and the j'th piee and
gluing in a solid torus. In partiular |Aj | = n0j . The group G is the rst orbifold
homology group one gets by utting along the edge between v0 and v1 and gluing
in a solid torus in the part not ontaining v0. Hene |G| = r0. The aj ∈ Aj are
the elements that orresponds to the singular bers over the disk we just glued in;
in partiular Aj/〈aj〉 is the rst orbifold homology group of M with everything
exept the part aross the edge 0j ollapsed. Thus |Aj/〈aj〉| is the ideal generator
d0j orresponding to the edge 0j. The same holds for g and G, espeially that
|G/〈g〉| = d1.
If none of the Aj and G is innite, i.e., n0j , r0 6= 0, then |H
orb
1 (M/F0)| =
(r0
∏k0
j=0 n0j)/ lcm(n01/d01, . . . , n0k0/d0k0 , r0/d1). Assume that Al is innite, then
all the other groups are nite, and we have the following exat sequene
0 → G×
k0∏
j=1
j 6=l
Aj →
(
A1 × · · ·Ak0 ×G
)
/ (a1, . . . , ak0 , g)→ Al/〈al〉 → 0
where the
(
A1 × · · ·Ak0 × G
)
/ (a1, . . . , ak, g) → Al/〈al〉 map is projetion, and
G
∏k0
j=1
j 6=l
Aj is the kernel of this map. This implies that in this ase |H
orb
1 (M/F0)| =
d0lr0
∏k0
j=1
j 6=l
n0j. If G is innite we in the same way get that that |H
orb
1 (M/F0)| =
d1
∏k0
j=1 n0j. In all ases we see that |H
orb
1 (M/F0)| = λ0 only depends on the splie
diagram, sine the ideal generators only depends on the splie diagram.
So now we get that f0 = |H
orb
1 (M)|/|H
orb
1 (M/F0)| =
d
λ0
, hene e˜0 =
λ0
d0d
ev0 .
But the value of ev0 is given by proposition 5.6, and the formula given there shows
that ev0 is d times a number given by the splie diagram, hene
λ0
d0d
ev0 is
λ0
d0
times
a number only depending on Γ, hene e˜0 only depends on Γ. We an in the same
way alulate e˜1 and see that it also only depends on Γ. This implies that the splie
diagram speies a simple losed urve Ci transverse to the bration of the T
2
ij 's,
whih in partiular is not null homologous.
Now the gluing of M˜0 to M˜1 is speied by identifying F˜0 with C1 and F˜1 with
C0. But sine the F˜i's and the Ci's are determined by Γ, the gluing is determined
by Γ, and hene M˜ is determined by Γ. 
Corollary 6.3. Let M be a rational homology sphere graph manifold with splie
diagram Γ(M), suh that around any node in Γ(M) the edge weights are pairwise
oprime, then the universal abelian over of M is an integer homology sphere.
Proof. It is shown in [EN85℄ that a splie diagram with pairwise oprime edge
weights at nodes is the splie diagram for an integer homology sphere. So given
a splie diagram satisfying the assumption there is a integer homology sphere M ′
with splie diagram Γ(M), heneM ′ is the universal abelian over ofM by 6.2. 
This atually gives a way to onstrut the universal abelian over for any rational
homology sphere graph manifold that has a splie diagram with pairwise oprime
edge weights at nodes, sine [EN85℄ desribes how to onstrut the integral homol-
ogy sphere by spliing, and to onstrut a plumbing diagram for it in the ase where
we have positive deorations at nodes. If we want a onstrution of the plumbing
diagram in the ase with negative deorations at nodes it follows from theorem
3.1 in [Neu89a℄ whih give us that given a splie diagram Γ(M) as above, one an
onstrut an unimodular tree ∆(M), whih will be the plumbing diagram.
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